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1 Value-Based Theory

1.1 Bellman Equation for the Q-Function

1.1.1 Part 1

Assume a stochastic reward function:

Pr(St+1 = s′, Rt+1 = r | St = s,At = a), ∀s, s′ ∈ S, r ∈ R, a ∈ A.

This is abbreviated as:
p(s′, r | s, a).

The optimal action-value function q∗(s, a) is defined as:

q∗(s, a) = max
π

E[Gt | St = s,At = a].

Define the return Gt as:

Gt =

∞∑
t′=t+1

γ t′−t−1Rt′ .

Prove that we can reach the following expression for the optimal action-value function:

q∗(s, a) =
∑
r

r
∑
s′

p(s′, r | s, a) + γmax
π

∑
s′

p(s′ | s, a)
∑
a′

π(a′ | s′) qπ(s′, a′).

1.1.2 Part 2

Show that we can equivalently write the above equation as:

q∗(s, a) =
∑
r

r
∑
s′

p(s′, r | s, a) + γmax
π

∑
s′

p(s′ | s, a)max
a′

qπ(s
′, a′).

and reach the following expression:

q∗(s, a) =
∑
r,s′

p(s′, r | s, a)
[
r + γmax

a′
q∗(s′, a′)

]
.
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1.2 Existence, Uniqueness, and Fixed-Point Property of the Bellman Equation for the Q-Function

Definition 1 (Contraction Mapping). Let (X, d) be a metric space. A map T : X → X is called a contraction
if there exists a constant c ∈ [0, 1) such that for all x, y ∈ X ,

d(T (x), T (y)) ≤ c d(x, y).

Definition 2 (Cauchy Sequence). A sequence {xn} in a metric space (X, d) is called a Cauchy sequence if for
every ϵ > 0 there exists an integer N ≥ 1 such that

d(xn, xm) < ϵ for all n,m ≥ N.

Definition 3 (Fixed Point). Let X be a set and T : X → X a mapping. A point x∗ ∈ X is called a fixed point
of T if

T (x∗) = x∗.

1.2.1 Part 1

Show that if T is a contraction mapping and

Txk−1 = xk for k = 1, 2, . . . ,

then the sequence {xn} is a Cauchy sequence, and determine an appropriate N such that

d(xn, xm) < ϵ for all n,m ≥ N.

1.2.2 Part 2

Since T has the Cauchy sequence property, the sequence {xn} converges. Show that the limit of this sequence
is a fixed point of T and that this fixed point is unique.

1.2.3 Part 3

Definition 4 (Bellman Optimality Operator). Define the operator T as

Tq(s, a) =
∑
r,s′

p(r, s′ | s, a)
[
r + γmax

a′
q(s′, a′)

]
.

Prove for a finite Markov Decision Process (MDP), the mapping T defined above is a contraction mapping.
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2 Advanced Theory

2.1 The Explore-Then-Commit (ETC) Algorithm and Its Regret Bound

This ETC algorithm is straightforward: it first explores by playing each arm a fixed number of times and then
exploits by committing to the arm that appeared best during exploration. The ETC algorithm is parameterized by
the number of exploration steps per arm, denoted by a natural number m. Given k possible actions, the algorithm
performs m · k exploration rounds before selecting the best arm to commit to for the remaining rounds.
The pseudocode of this method is illustrated in the figure below:

Figure 1: ETC Algorithm

Definition 1 (Suboptimality Gap). For a k-armed bandit problem, let µi denote the expected reward of arm i,
and let µ∗ = max1≤i≤k µi be the expected reward of the optimal arm. The suboptimality gap of arm i is defined
as

∆i = µ∗ − µi.

Definition 2 (Subgaussianity). A random variable X with mean µ is called σ2-subgaussian if for all λ ∈ R,

E
[
exp(λ(X − µ))

]
≤ exp

(λ2σ2

2

)
.

Prove when the ETC algorithm interacts with any 1-subgaussian bandit and 1 ≤ m ≤ n/k, the cumulative regret
Rn satisfies:

Rn ≤ mk

k∑
i=1

∆i + (n−mk)

k∑
i=1

∆i exp

(
− m∆2

i

4

)
,

where ∆i denotes the suboptimality gap of arm i.
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3 Exploration Methods

3.1 UCB and Sub-Logarithmic Regret

Consider a stochastic K-armed bandit with rewards in [0, 1] and unknown means µ1, . . . , µK . Let µ⋆ = maxi µi

and ∆i = µ⋆ − µi. The UCB1 algorithm selects arm

At = argmax
i

[
µ̂i(t− 1) + c

√
ln t

Ni(t−1)

]
,

where µ̂i(t− 1) is the empirical mean and Ni(t− 1) the pull count for arm i.
(a) Using Hoeffding’s inequality, derive the confidence bonus c

√
ln t/Ni(t) (choose c so the failure probabil-

ity is at most t−2). Explain how “optimism in the face of uncertainty” balances exploration and exploitation.

(b) Prove that, for any sub-optimal arm i,

E
[
Ni(T )

]
≤ 8 lnT

∆2
i

+ 1 for UCB1 with c =
√
2.

Outline the major steps (high-probability concentration, stopping-time argument, union bound).

(c) Using part (b), derive
E
[
Reg(T )

]
= O

(
K lnT

)
.

Explain why this is a no-regret guarantee and compare it to the minimax lower bound of Θ
(√

T
)
.

4 Imitation & Inverse RL

4.1 Feature Matching

Question 1: What is the difference between Forward Reinforcement Learning and Inverse Reinforcement
Learning (IRL)?

Question 2: What is Feature Matching in IRL? Write down its mathematical formulation, explain its relationship
to the reward function, and discuss the main limitations or problems associated with this approach.
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5 Offline RL

5.1 Implicit Policy Constraints (AWR)

Consider the offline RL setup and the Advantage-Weighted Regression (AWR) algorithm. The constrained opti-
misation problem is

max
π

J(π) s.t. Es∼dβ

[
DKL(π(·|s)∥β(·|s))

]
≤ ϵ,

with the corresponding Lagrangian

L(π, η) = J(π) + η
(
ϵ− Es∼dβ [DKL(π(·|s)∥β(·|s))]

)
,

and let the advantage function be Aβ(s, a) = Qβ(s, a)− Vβ(s).

5.1.1 Part 1

Derive the closed-form expression for the optimal policy π⋆(a|s) by taking the functional derivative of L(π, η)
with respect to π(a|s). Show clearly how the exponential advantage term appears, and define α in terms of the
Lagrange multiplier η.

5.1.2 Part 2

Show that the resulting AWR policy update reduces to a weighted behavior cloning problem of the form

max
π

E(s,a)∼D[w(s, a) log π(a|s)],

and derive the explicit form of the weights w(s, a). Discuss the effect of α on these

6 Multi-Agent RL

Show that this game has no pure Nash equilibrium:
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7 Meta RL

Generic meta learning could be described mathematically as follows:
"Generic" learning:

θ∗ = argmin
θ

L(θ,Dtr) = flearn(D
tr)

"Generic" meta-learning:

θ∗ = argmin
θ

n∑
i=1

L(ϕi, D
ts
i ), where ϕi = fθ(D

tr
i )

(a) How to extend this formulation to the meta reinforcement learning? Describe the math precisely.
(b) Based on your explanation in part (a), explain why “exploration” plays an important role in identifying ϕi.
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