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Why are we not seeing (offline) RL 
deployed everywhere already?

• (Offline) RL in real life

Key ingredient: simulator 
• Unlimited data 
• Decision w/o real consequences 
• Can easily evaluate new strategy
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X
X

Figure 2: Detailed schematic of progressive recurrent
network architecture. The activations of the LSTM are
connected as inputs to the progressive column. The
factored policy and single value function are shown.

feedforward recurrent

wide narrow wide narrow

fc (output) 28 28 28 28
LSTM - - 128 16
fc 512 32 128 16
conv 2 32 8 32 8
conv 1 16 8 16 8
params 621K 39K 299K 37K

Table 1: Network sizes for wide columns
(simulation-trained) and narrow columns (robot-
trained). For all networks, the first convolutional
layer uses 8x8, stride 4 kernels and the second uses
5x5, stride 2 kernels. The total parameters include
the lateral connections.

Figure 3: Sample images from the real camera input image and the MuJoCo-rendered image. Though a more
realistic model appearance could have been used, the blocky Jaco model was used to accelerate MuJoCo
rendering, which was done on CPUs. The images show the diversity of Jaco start positions and target positions.

an average score of at least 30 points. The episode is terminated if the agent causes a safety violation
through self-intersection or by touching the table top or by exceeding set joint limits.

4.1 Training in simulation

The first column is trained in simulation using A3C, as previously mentioned, using a wide feedfor-
ward or recurrent network. Intuitively, it makes sense to use a larger capacity network for training in
simulation, to reach maximum performance. We verified this intuition by comparing wide and narrow
network architectures, and found that the narrow network had slower learning and worse performance
(see Figure 4). We also see that the LSTM model out-performs the feedforward model by an average

Figure 4: Learning curves are shown for wide and narrow versions of the feedforward (left) and recurrent (right)
models, which are trained with the MuJoCo simulator. The plots show mean and variance over 5 training runs
with different seeds and hyperparameters. Stable performance is reached after approximately 50 million steps,
which is more than one million episodes. While both the feedforward and the recurrent models learn the task,
the recurrent network reaches a higher final mean score.
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 regret,  
 sample 

complexity, …

<latexit sha1_base64="pTfLz+33AruzeO/CBwjzhzGwJAw=">AAAB8nicbVDLTgJBEJzFF+IL9ehlIjHxRHaNryPqhSNGXsmyIbPDABNmZ9aZXhOy4TO8eNAYr36NN//GAfagYCWdVKq6090VxoIbcN1vJ7eyura+kd8sbG3v7O4V9w+aRiWasgZVQul2SAwTXLIGcBCsHWtGolCwVji6m/qtJ6YNV7IO45gFERlI3ueUgJX8jnnUkFYfbuqTbrHklt0Z8DLxMlJCGWrd4lenp2gSMQlUEGN8z40hSIkGTgWbFDqJYTGhIzJgvqWSRMwE6ezkCT6xSg/3lbYlAc/U3xMpiYwZR6HtjAgMzaI3Ff/z/AT610HKZZwAk3S+qJ8IDApP/8c9rhkFMbaEUM3trZgOiSYUbEoFG4K3+PIyaZ6Vvcvyxf15qXKbxZFHR+gYnSIPXaEKqqIaaiCKFHpGr+jNAefFeXc+5q05J5s5RH/gfP4AQeKRQA==</latexit>p
HSAT

<latexit sha1_base64="nwTI3vFgmBv+H7hGmWSW1TM/1NU=">AAAB+XicbVDLTsJAFJ36RHxVXbppJCausCW+lqgblhjlkUAh0+EWJkxnmpkpCWn4EzcuNMatf+LOv3GALhQ8yU1Ozrk3994TxIwq7brf1srq2vrGZm4rv72zu7dvHxzWlUgkgRoRTMhmgBUwyqGmqWbQjCXgKGDQCIb3U78xAqmo4E96HIMf4T6nISVYG6lr24+3lU7pvA2xokzwTqlrF9yiO4OzTLyMFFCGatf+avcESSLgmjCsVMtzY+2nWGpKGEzy7URBjMkQ96FlKMcRKD+dXT5xTo3Sc0IhTXHtzNTfEymOlBpHgemMsB6oRW8q/ue1Eh3e+CnlcaKBk/miMGGOFs40BqdHJRDNxoZgIqm51SEDLDHRJqy8CcFbfHmZ1EtF76p4+XBRKN9lceTQMTpBZ8hD16iMKqiKaoigEXpGr+jNSq0X6936mLeuWNnMEfoD6/MHVKWS1g==</latexit>
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• (Offline) RL in real life
• Role of theory in modern RL
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* finite-sample analysis of ADP & MCTS 00~10

*

Bellman rank, 
Eluder dimension,  
Concentrability, …

Empirical: Atari, Mujoco, 
OpenAI Gym, target 
network, architecture, …



• (Offline) RL in real life
• Role of theory in modern RL
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simplify

Q*(s, a)

(s1, a1) …

(s1, a2) …

(s2, a1) …

extend

• Theoretical foundation

“tabular” RL
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• (Offline) RL in real life
• Role of theory in modern RL
• Theoretical foundation

modern RL real life

Rethinking 
theoretical foundation
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Supervised learning pipeline

data
trainingtest validation
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data
trainingtest validation

Offline RL pipeline

  { (s, a, r, s’) }

Off-policy Evaluation 
(OPE)
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action at ∈ A

+20

reward rt = R (st , at)

transition dynamics 
P ( ⋅ | st , at)

state 
st ∈ S

policy 
π: S → ∆(A) 

Policy evaluation:     estimate                                         given π

next-state 
st+1 ∈ S

<latexit sha1_base64="uS9TRWpkwBIMcgBOYtHuz3VwY0M="></latexit>

J(⇡) := E⇡[
P1

t=0 �
trt | s0]

<latexit sha1_base64="Ulf/FEqm0o/e+Rs8pQgxClP+MnQ=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksQgUpiRR1IxTdiKsW7AXaGCbTSTt0cmFmIpRS3Pgqblwo4tancOfbOE2z0OoPAx//OYcz5/dizqSyrC8jt7C4tLySXy2srW9sbpnbO00ZJYLQBol4JNoelpSzkDYUU5y2Y0Fx4HHa8oZX03rrngrJovBWjWLqBLgfMp8RrLTlmns3pW7MjtAFqt9pKEnXOkap45pFq2ylQn/BzqAImWqu+dntRSQJaKgIx1J2bCtWzhgLxQink0I3kTTGZIj7tKMxxAGVzjg9YYIOtdNDfiT0CxVK3Z8TYxxIOQo83RlgNZDztan5X62TKP/cGbMwThQNyWyRn3CkIjTNA/WYoETxkQZMBNN/RWSABSZKp1bQIdjzJ/+F5knZPi1X6pVi9TKLIw/7cAAlsOEMqnANNWgAgQd4ghd4NR6NZ+PNeJ+15oxsZhd+yfj4Bk9zlNM=</latexit>

J(⇡) = Q⇡(s0,⇡)Policy optimization:   
<latexit sha1_base64="eq+xZ9T3YknlouZhADYvLgZagk0=">AAACBXicbVC7SgNBFJ31GeMraqnFYBBiE3YlqGXQRqwimAdkQ5id3CRDZh/M3JWEJY2Nv2JjoYit/2Dn3zhJttDEA5d7OOdeZu7xIik02va3tbS8srq2ntnIbm5t7+zm9vZrOowVhyoPZagaHtMgRQBVFCihESlgvieh7g2uJ379AZQWYXCPowhaPusFois4QyO1c0cuwhA1jiRQ12fDduJGYkxvC6adtnN5u2hPQReJk5I8SVFp577cTshjHwLkkmnddOwIWwlTKLiEcdaNNUSMD1gPmoYGzAfdSqZXjOmJUTq0GypTAdKp+nsjYb7WI98zkz7Dvp73JuJ/XjPG7mUrEUEUIwR89lA3lhRDOomEdoQCjnJkCONKmL9S3meKcTTBZU0IzvzJi6R2VnTOi6W7Ur58lcaRIYfkmBSIQy5ImdyQCqkSTh7JM3klb9aT9WK9Wx+z0SUr3Tkgf2B9/gAuoZhc</latexit>

max⇡ J(⇡)

How to find Qπ?
<latexit sha1_base64="AAFopEIWERk5MGTDtpzdl8EO/LQ=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0VwVZJS1I1QdOOyhb6giWUymbRDJw9nJkIJ+Q83/oobF4q4Elz4N07SINp6YODMufdy7zlOxKiQhvGllVZW19Y3ypuVre2d3T19/6Anwphj0sUhC/nAQYIwGpCupJKRQcQJ8h1G+s70Oqv37wkXNAw6chYR20fjgHoUI6mkkV5v31oRhZfQ8pGcYMSSTporP/+8IYXWXYxcaMkQjvSqUTNywGViFqQKCrRG+oflhjj2SSAxQ0IMTSOSdoK4pJiRtGLFgkQIT9GYDBUNkE+EneTeUniiFBd6IVcvkDBXf08kyBdi5juqM7tYLNYy8b/aMJbehZ3QIIolCfB8kRczqBxmQUGXcoIlmymCMKfqVogniCMsVZwVFYK5aHmZ9Oo186zWaDeqzasijjI4AsfgFJjgHDTBDWiBLsDgATyBF/CqPWrP2pv2Pm8tacXMIfgD7fMbRuqg9g==</latexit>

Q⇡ = T ⇡Q⇡ ! |SxA| equations
<latexit sha1_base64="AAFopEIWERk5MGTDtpzdl8EO/LQ=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0VwVZJS1I1QdOOyhb6giWUymbRDJw9nJkIJ+Q83/oobF4q4Elz4N07SINp6YODMufdy7zlOxKiQhvGllVZW19Y3ypuVre2d3T19/6Anwphj0sUhC/nAQYIwGpCupJKRQcQJ8h1G+s70Oqv37wkXNAw6chYR20fjgHoUI6mkkV5v31oRhZfQ8pGcYMSSTporP/+8IYXWXYxcaMkQjvSqUTNywGViFqQKCrRG+oflhjj2SSAxQ0IMTSOSdoK4pJiRtGLFgkQIT9GYDBUNkE+EneTeUniiFBd6IVcvkDBXf08kyBdi5juqM7tYLNYy8b/aMJbehZ3QIIolCfB8kRczqBxmQUGXcoIlmymCMKfqVogniCMsVZwVFYK5aHmZ9Oo186zWaDeqzasijjI4AsfgFJjgHDTBDWiBLsDgATyBF/CqPWrP2pv2Pm8tacXMIfgD7fMbRuqg9g==</latexit>

Q⇡ = T ⇡Q⇡ !
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How to find Qπ?
<latexit sha1_base64="AAFopEIWERk5MGTDtpzdl8EO/LQ=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0VwVZJS1I1QdOOyhb6giWUymbRDJw9nJkIJ+Q83/oobF4q4Elz4N07SINp6YODMufdy7zlOxKiQhvGllVZW19Y3ypuVre2d3T19/6Anwphj0sUhC/nAQYIwGpCupJKRQcQJ8h1G+s70Oqv37wkXNAw6chYR20fjgHoUI6mkkV5v31oRhZfQ8pGcYMSSTporP/+8IYXWXYxcaMkQjvSqUTNywGViFqQKCrRG+oflhjj2SSAxQ0IMTSOSdoK4pJiRtGLFgkQIT9GYDBUNkE+EneTeUniiFBd6IVcvkDBXf08kyBdi5juqM7tYLNYy8b/aMJbehZ3QIIolCfB8kRczqBxmQUGXcoIlmymCMKfqVogniCMsVZwVFYK5aHmZ9Oo186zWaDeqzasijjI4AsfgFJjgHDTBDWiBLsDgATyBF/CqPWrP2pv2Pm8tacXMIfgD7fMbRuqg9g==</latexit>

Q⇡ = T ⇡Q⇡ ! |SxA| equations
<latexit sha1_base64="AAFopEIWERk5MGTDtpzdl8EO/LQ=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0VwVZJS1I1QdOOyhb6giWUymbRDJw9nJkIJ+Q83/oobF4q4Elz4N07SINp6YODMufdy7zlOxKiQhvGllVZW19Y3ypuVre2d3T19/6Anwphj0sUhC/nAQYIwGpCupJKRQcQJ8h1G+s70Oqv37wkXNAw6chYR20fjgHoUI6mkkV5v31oRhZfQ8pGcYMSSTporP/+8IYXWXYxcaMkQjvSqUTNywGViFqQKCrRG+oflhjj2SSAxQ0IMTSOSdoK4pJiRtGLFgkQIT9GYDBUNkE+EneTeUniiFBd6IVcvkDBXf08kyBdi5juqM7tYLNYy8b/aMJbehZ3QIIolCfB8kRczqBxmQUGXcoIlmymCMKfqVogniCMsVZwVFYK5aHmZ9Oo186zWaDeqzasijjI4AsfgFJjgHDTBDWiBLsDgATyBF/CqPWrP2pv2Pm8tacXMIfgD7fMbRuqg9g==</latexit>

Q⇡ = T ⇡Q⇡ ! X
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fθ (s, a)

s, a

<latexit sha1_base64="Fci62M6Lxt8OSp4gJI6zsZdUU+w="></latexit>

fk  argminf✓ EdD [(f✓(s, a)� r � �fk�1(s0,⇡))2](FQE: learn Qπ)
Validation: 

<latexit sha1_base64="d7NF+FMwh+qBi/VsZeCgUc6rWbk=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTia1l8gMsK9gFNKJPppB06mYR5CCX0N9y4UMStP+POv3HSZqHVAwOHc+7lnjlhypnSrvvllJaWV1bXyuuVjc2t7Z3q7l5bJUYS2iIJT2Q3xIpyJmhLM81pN5UUxyGnnXB8nfudRyoVS8SDnqQ0iPFQsIgRrK3k+zHWozDMbqf9m3615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2TundeP7s/rTWuijrKcACHcAweXEAD7qAJLSCQwhO8wKtjnGfnzXmfj5acYmcffsH5+Ab2VJGm</latexit>ED

Find θ  s.t.  fθ  ≈ Qπ

iterative

<latexit sha1_base64="6Jx29IV7cnCd/njT8cKrqIDh+Zo=">AAACInicbVDLSgMxFM3UV62vUZdugkVwUcrMWHzsim5cVrAPaIchk8m0oZkHSUYoQ7/Fjb/ixoWirgQ/xqSdhbZeyOWcc+/l5h4/ZVRIy/oySiura+sb5c3K1vbO7p65f9ARScYxaeOEJbznI0EYjUlbUslIL+UERT4jXX98o+vdB8IFTeJ7OUmJG6FhTEOKkVSSZ14Jz6pBpBPXSXi2pramtqaOpo6mjqZnNThgQSIF9MyqVbdmAZeBXYAqKKLlmR+DIMFZRGKJGRKib1updHPEJcWMTCuDTJAU4TEakr6CMYqIcPPZiVN4opQAhglXL5Zwpv6eyFEkxCTyVWeE5Egs1rT4X62fyfDSzWmcZpLEeL4ozBiUCdR+wYBygiWbKIAwp+qvEI8QR1gqVyvKBHvx5GXQcer2eb1x16g2rws7yuAIHINTYIML0AS3oAXaAINH8AxewZvxZLwY78bnvLVkFDOH4E8Y3z/0W55v</latexit>s0, a0, r0, s1, a1, r1, s2, a2, r2, s3, . . .

<latexit sha1_base64="FKdnt0+b/t3ts01nOfjsv16Kk98=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSxihVISKeqxqAePFewHtKFstpt26W4SdjdKqf0pXjwo4tVf4s1/47bNQVsfDDzem2Fmnh9zprTjfFuZldW19Y3sZm5re2d3z87vN1SUSELrJOKRbPlYUc5CWtdMc9qKJcXC57TpD6+nfvOBSsWi8F6PYuoJ3A9ZwAjWRura+aIq4ZIsqZNT1FFMoJuuXXDKzgxombgpKUCKWtf+6vQikggaasKxUm3XibU3xlIzwukk10kUjTEZ4j5tGxpiQZU3np0+QcdG6aEgkqZCjWbq74kxFkqNhG86BdYDtehNxf+8dqKDS2/MwjjRNCTzRUHCkY7QNAfUY5ISzUeGYCKZuRWRAZaYaJNWzoTgLr68TBpnZfe8XLmrFKpXaRxZOIQjKIILF1CFW6hBHQg8wjO8wpv1ZL1Y79bHvDVjpTMH8AfW5w+Bp5I8</latexit>

(s, a, r, s0) ⇠ D
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fθ (s, a)

s, a

<latexit sha1_base64="Fci62M6Lxt8OSp4gJI6zsZdUU+w="></latexit>

fk  argminf✓ EdD [(f✓(s, a)� r � �fk�1(s0,⇡))2](FQE: learn Qπ)
<latexit sha1_base64="CpWRpKoOsznatbqS5ST/quwwdHg=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBjSWRoi6LblxW6AuaGCbTSTt0kgwzE7GELN34K25cKOLWT3Dn3zhps9DWAxcO59zLvff4nFGpLOvbKC0tr6yuldcrG5tb2zvm7l5HxonApI1jFouejyRhNCJtRRUjPS4ICn1Guv74Ove790RIGkctNeHEDdEwogHFSGnJMw8dxLmIH6ATIjXCiKWt7M7hFAZeOj61M8+sWjVrCrhI7IJUQYGmZ345gxgnIYkUZkjKvm1x5aZIKIoZySpOIglHeIyGpK9phEIi3XT6SAaPtTKAQSx0RQpO1d8TKQqlnIS+7szPlfNeLv7n9RMVXLopjXiiSIRni4KEQRXDPBU4oIJgxSaaICyovhXiERIIK51dRYdgz7+8SDpnNfu8Vr+tVxtXRRxlcACOwAmwwQVogBvQBG2AwSN4Bq/gzXgyXox342PWWjKKmX3wB8bnD6Nimbs=</latexit>

⇡ T ⇡fk�1

Validation: 

E[   ·    | s, a]

<latexit sha1_base64="d7NF+FMwh+qBi/VsZeCgUc6rWbk=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTia1l8gMsK9gFNKJPppB06mYR5CCX0N9y4UMStP+POv3HSZqHVAwOHc+7lnjlhypnSrvvllJaWV1bXyuuVjc2t7Z3q7l5bJUYS2iIJT2Q3xIpyJmhLM81pN5UUxyGnnXB8nfudRyoVS8SDnqQ0iPFQsIgRrK3k+zHWozDMbqf9m3615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2TundeP7s/rTWuijrKcACHcAweXEAD7qAJLSCQwhO8wKtjnGfnzXmfj5acYmcffsH5+Ab2VJGm</latexit>ED

Find θ  s.t.  fθ  ≈ Qπ

iterative
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fθ (s, a)

s, a

<latexit sha1_base64="Fci62M6Lxt8OSp4gJI6zsZdUU+w="></latexit>

fk  argminf✓ EdD [(f✓(s, a)� r � �fk�1(s0,⇡))2](FQE: learn Qπ)

<latexit sha1_base64="eAfKJKara0Web9PPxvtf1OMNgrA="></latexit>

fk  argminf✓ EdD [(f✓(s, a)� r � �maxa0fk�1(s0, a0))2]

<latexit sha1_base64="jC82kAYw8InsRzVX9QX24DED2cA=">AAACK3icbVDLSgMxFM34rPVVdekmWARXw4yIuhFENy4r2Ad0Sslk7rTBzIPkjlqG8Xvc+CsudOEDt/6H6WOh1QOBwznn5ibHT6XQ6Djv1szs3PzCYmmpvLyyurZe2dhs6CRTHOo8kYlq+UyDFDHUUaCEVqqARb6Epn99PvSbN6C0SOIrHKTQiVgvFqHgDI3UrZzR3BvdkisICuqlghb0hHoId6iivKcAggG9tZWN9n0xFe4zpGHRrVQd2xmB/iXuhFTJBLVu5dkLEp5FECOXTOu266TYyZlCwSUUZS/TkDJ+zXrQNjRmEehOPlpc0F2jBDRMlDkx0pH6cyJnkdaDyDfJiGFfT3tD8T+vnWF43MlFnGYIMR8vCjNJMaHD4mggFHCUA0MYV8K8lfI+U4yjqbdsSnCnv/yXNPZt99A+uDyonp5N6iiRbbJD9ohLjsgpuSA1UiecPJAn8krerEfrxfqwPsfRGWsys0V+wfr6BrvMqAI=</latexit>

⇡ = greedy w.r.t. f̂

Training:  where
<latexit sha1_base64="Kc/X/TEkqE746dTHhWQd5ZVAFZM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUSKuhGKblxWsA9oQphMJu3QyYOZG6GErtz4K25cKOLWb3Dn3zhNs9DWAxcO59w7c+/xU8EVWNa3sbS8srq2Xtmobm5t7+yae/sdlWSSsjZNRCJ7PlFM8Ji1gYNgvVQyEvmCdf3RzdTvPjCpeBLfwzhlbkQGMQ85JaAlzzzCuVO8kksWTLAzJIBDPMFXOPRG2DNrVt0qgBeJXZIaKtHyzC8nSGgWsRioIEr1bSsFNycSOBVsUnUyxVJCR2TA+prGJGLKzYsFJvhEKwEOE6krBlyovydyEik1jnzdGREYqnlvKv7n9TMIL92cx2kGLKazj8JMYEjwNBMccMkoiLEmhEqud8V0SCShoJOr6hDs+ZMXSeesbp/XG3eNWvO6jKOCDtExOkU2ukBNdItaqI0oekTP6BW9GU/Gi/FufMxal4xy5gD9gfH5A2Jnl8g=</latexit>

f̂ = fk

Validation: 

(FQI: learn Q*) <latexit sha1_base64="d7NF+FMwh+qBi/VsZeCgUc6rWbk=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTia1l8gMsK9gFNKJPppB06mYR5CCX0N9y4UMStP+POv3HSZqHVAwOHc+7lnjlhypnSrvvllJaWV1bXyuuVjc2t7Z3q7l5bJUYS2iIJT2Q3xIpyJmhLM81pN5UUxyGnnXB8nfudRyoVS8SDnqQ0iPFQsIgRrK3k+zHWozDMbqf9m3615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2TundeP7s/rTWuijrKcACHcAweXEAD7qAJLSCQwhO8wKtjnGfnzXmfj5acYmcffsH5+Ab2VJGm</latexit>ED

<latexit sha1_base64="d7NF+FMwh+qBi/VsZeCgUc6rWbk=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTia1l8gMsK9gFNKJPppB06mYR5CCX0N9y4UMStP+POv3HSZqHVAwOHc+7lnjlhypnSrvvllJaWV1bXyuuVjc2t7Z3q7l5bJUYS2iIJT2Q3xIpyJmhLM81pN5UUxyGnnXB8nfudRyoVS8SDnqQ0iPFQsIgRrK3k+zHWozDMbqf9m3615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2TundeP7s/rTWuijrKcACHcAweXEAD7qAJLSCQwhO8wKtjnGfnzXmfj5acYmcffsH5+Ab2VJGm</latexit>ED



Importance sampling [Precup’00] 

• Hyperparameter-free         ✓ 
• No Markovianity required  ✓ 
• Industry deployment (ctx. bandit, horizon=1) 
• Exponential-in-horizon variance! 
• Variance reduction? 

Doubly robust [JL’16] 

• Even perfect control variate cannot 
eliminate exponential variance!

Data Candidate

10

Hyperparameter-free methods?

Candidate
Data X

Precup. 2000. Eligibility traces for off-policy policy evaluation. 
Nan Jiang, Lihong Li. ICML-16. Doubly Robust Off-policy Value Evaluation for Reinforcement Learning.
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fθ (s, a)

s, a

s

s’
+r

a

<latexit sha1_base64="eAfKJKara0Web9PPxvtf1OMNgrA="></latexit>

fk  argminf✓ EdD [(f✓(s, a)� r � �maxa0fk�1(s0, a0))2]

<latexit sha1_base64="jC82kAYw8InsRzVX9QX24DED2cA=">AAACK3icbVDLSgMxFM34rPVVdekmWARXw4yIuhFENy4r2Ad0Sslk7rTBzIPkjlqG8Xvc+CsudOEDt/6H6WOh1QOBwznn5ibHT6XQ6Djv1szs3PzCYmmpvLyyurZe2dhs6CRTHOo8kYlq+UyDFDHUUaCEVqqARb6Epn99PvSbN6C0SOIrHKTQiVgvFqHgDI3UrZzR3BvdkisICuqlghb0hHoId6iivKcAggG9tZWN9n0xFe4zpGHRrVQd2xmB/iXuhFTJBLVu5dkLEp5FECOXTOu266TYyZlCwSUUZS/TkDJ+zXrQNjRmEehOPlpc0F2jBDRMlDkx0pH6cyJnkdaDyDfJiGFfT3tD8T+vnWF43MlFnGYIMR8vCjNJMaHD4mggFHCUA0MYV8K8lfI+U4yjqbdsSnCnv/yXNPZt99A+uDyonp5N6iiRbbJD9ohLjsgpuSA1UiecPJAn8krerEfrxfqwPsfRGWsys0V+wfr6BrvMqAI=</latexit>

⇡ = greedy w.r.t. f̂

Training:  where
<latexit sha1_base64="Kc/X/TEkqE746dTHhWQd5ZVAFZM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUSKuhGKblxWsA9oQphMJu3QyYOZG6GErtz4K25cKOLWb3Dn3zhNs9DWAxcO59w7c+/xU8EVWNa3sbS8srq2Xtmobm5t7+yae/sdlWSSsjZNRCJ7PlFM8Ji1gYNgvVQyEvmCdf3RzdTvPjCpeBLfwzhlbkQGMQ85JaAlzzzCuVO8kksWTLAzJIBDPMFXOPRG2DNrVt0qgBeJXZIaKtHyzC8nSGgWsRioIEr1bSsFNycSOBVsUnUyxVJCR2TA+prGJGLKzYsFJvhEKwEOE6krBlyovydyEik1jnzdGREYqnlvKv7n9TMIL92cx2kGLKazj8JMYEjwNBMccMkoiLEmhEqud8V0SCShoJOr6hDs+ZMXSeesbp/XG3eNWvO6jKOCDtExOkU2ukBNdItaqI0oekTP6BW9GU/Gi/FufMxal4xy5gD9gfH5A2Jnl8g=</latexit>

f̂ = fk
<latexit sha1_base64="d7NF+FMwh+qBi/VsZeCgUc6rWbk=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTia1l8gMsK9gFNKJPppB06mYR5CCX0N9y4UMStP+POv3HSZqHVAwOHc+7lnjlhypnSrvvllJaWV1bXyuuVjc2t7Z3q7l5bJUYS2iIJT2Q3xIpyJmhLM81pN5UUxyGnnXB8nfudRyoVS8SDnqQ0iPFQsIgRrK3k+zHWozDMbqf9m3615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2TundeP7s/rTWuijrKcACHcAweXEAD7qAJLSCQwhO8wKtjnGfnzXmfj5acYmcffsH5+Ab2VJGm</latexit>ED

(FQI: learn Q*)
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Simple(?) Problem
• Run different training algorithms 
• Get candidate value functions f1,  f2, …  
• Holdout data {(s, a, r, s’)} 
• Select a good approx of Q* w/ a “small” holdout dataset?  

• “small” = no |S| or exponential-in-horizon 
• & no further function approximation! 

• Simpler: identify Q* out of f1,  f2

Reformulation: Value-function Selection



https://www.alexirpan.com/2018/02/14/rl-hard.html13

The training perspective

* exception: on-policy MC methods

• Baird’95: design L s.t.  
• RL doesn’t work like that!

<latexit sha1_base64="SMl3c97dLyu6AKmd2u3KTR2S6Fo="></latexit>

Q? = argminf2F L(f)?

<latexit sha1_base64="eAfKJKara0Web9PPxvtf1OMNgrA="></latexit>

fk  argminf✓ EdD [(f✓(s, a)� r � �maxa0fk�1(s0, a0))2]

Training:  where
<latexit sha1_base64="Kc/X/TEkqE746dTHhWQd5ZVAFZM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUSKuhGKblxWsA9oQphMJu3QyYOZG6GErtz4K25cKOLWb3Dn3zhNs9DWAxcO59w7c+/xU8EVWNa3sbS8srq2Xtmobm5t7+yae/sdlWSSsjZNRCJ7PlFM8Ji1gYNgvVQyEvmCdf3RzdTvPjCpeBLfwzhlbkQGMQ85JaAlzzzCuVO8kksWTLAzJIBDPMFXOPRG2DNrVt0qgBeJXZIaKtHyzC8nSGgWsRioIEr1bSsFNycSOBVsUnUyxVJCR2TA+prGJGLKzYsFJvhEKwEOE6krBlyovydyEik1jnzdGREYqnlvKv7n9TMIL92cx2kGLKazj8JMYEjwNBMccMkoiLEmhEqud8V0SCShoJOr6hDs+ZMXSeesbp/XG3eNWvO6jKOCDtExOkU2ukBNdItaqI0oekTP6BW9GU/Gi/FufMxal4xy5gD9gfH5A2Jnl8g=</latexit>

f̂ = fk
(FQI: learn Q*)

optimization

iterative

2.1 Counter-example for least-square regression [Tsitsiklis and van Roy, 1996]

An MDP with two states x1, x2, 1-d features for the two states: fx1 = 1, fx2 = 2. Linear Function approximation
with Ṽ✓(x) = ✓fx.

✓k := argmin
✓

1

2
(✓ � target1)

2 + (2✓ � target2)
2

= argmin
✓

1

2
(✓ � �✓k�1fx2)

2 + (2✓ � �✓k�1fx2)
2

= argmin
✓

1

2
(✓ � �2✓k�1)2 + (2✓ � �2✓k�1)2

(✓ � �2✓k�1) + 2(2✓ � �2✓k�1) = 0 ) 5✓ = 6�✓k�1

✓k =
6

5
�✓k�1

This diverges if � � 5/6.

2.2 Convergence of non-expansive approximations

Operator view of Fitted value-iteration. A more general way to interpret fitted value iteration is that you have an

operator MA that takes a value vector vi and projects it into the function space formed by functions of form Ṽ✓.

1. Start with an arbitrary initialization V 0, Ṽ✓0 := MA(V 0).

2. Repeat for k = 1, 2, 3, . . .:

• Ṽ✓i = MA � LṼ✓i�1 .

Now, to match the description earlier, consider operator MA defined as follows: Fit a Ṽ✓ to LṼ✓i�1 by comparing
its values on a subset S0 of states, using a regression technique. And, then return this Ṽ✓ as new function Ṽ✓i in
the output space of MA. Thus, MA is e↵ectively an approximation operator.

Equivalently,

1. Start with an arbitrary initialization v0.

2. Repeat for k = 1, 2, 3, . . .:

• vi = (L �MA)vi�1.

(In an e�cient implementation, ui�1 = MAvi�1 probably has a more compact representation, so the first view may
be better for implementation)

The above view allows us to view fitted value iteration as just value iteration with a di↵erent operator: vi =
Lvi�1 is replaced by Ṽ i = (MA � L)Ṽ i�1. Therefore, as long as the new operator (MA � L) is also �-contraction,

3

Divergence under 1-d linear 
[TvR’96]

<latexit sha1_base64="LCVCyxYX1aiyicCsnMBJG4FThXk=">AAACBHicbVDLSsNAFJ34rPUVddnNYBHcWBIp6rLoxmWFvqANYTKdtEMnmWFmIpaQhRt/xY0LRdz6Ee78GydtFtp64MLhnHu5955AMKq043xbK6tr6xubpa3y9s7u3r59cNhRPJGYtDFnXPYCpAijMWlrqhnpCUlQFDDSDSY3ud+9J1JRHrf0VBAvQqOYhhQjbSTfrgyQEJI/wEGE9BgjlrYyGPrp5MzNfLvq1JwZ4DJxC1IFBZq+/TUYcpxEJNaYIaX6riO0lyKpKWYkKw8SRQTCEzQifUNjFBHlpbMnMnhilCEMuTQVazhTf0+kKFJqGgWmMz9VLXq5+J/XT3R45aU0FokmMZ4vChMGNYd5InBIJcGaTQ1BWFJzK8RjJBHWJreyCcFdfHmZdM5r7kWtflevNq6LOEqgAo7BKXDBJWiAW9AEbYDBI3gGr+DNerJerHfrY966YhUzR+APrM8ffkeYAA==</latexit>

⇡ T fk�1

<latexit sha1_base64="xV+Bi+5cbXHKaPzq0z3b/23OB8c=">AAACKXicbZDLSsNAFIYn9VbrrerSzWARXEhJSlE3QlEQlxXsBZpSJpOTdujkwsxEKCGv48ZXcaOgqFtfxElaQVsPDPx85zLn/E7EmVSm+WEUlpZXVteK66WNza3tnfLuXluGsaDQoiEPRdchEjgLoKWY4tCNBBDf4dBxxldZvnMPQrIwuFOTCPo+GQbMY5QojQblhu0TNaKEJ9cpvsB2ktj50MThMaTYG1jpCf5hAtwM1TSyuRsqie10UK6YVTMPvCismaigWTQH5RfbDWnsQ6AoJ1L2LDNS/YQIxSiHtGTHEiJCx2QIPS0D4oPsJ/kCKT7SxMVeKPQLFM7p746E+FJOfEdXZnfJ+VwG/8v1YuWd9xMWRLGCgE4/8mKOVYgz27DLBFDFJ1oQKpjeFdMREYQqbW5Jm2DNn7wo2rWqdVqt39YrjcuZHUV0gA7RMbLQGWqgG9RELUTRA3pCr+jNeDSejXfjc1paMGY9++hPGF/fzbOm9Q==</latexit>

F = {f1, f2, . . .}

* original paper concerns Vπ

<latexit sha1_base64="d7NF+FMwh+qBi/VsZeCgUc6rWbk=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTia1l8gMsK9gFNKJPppB06mYR5CCX0N9y4UMStP+POv3HSZqHVAwOHc+7lnjlhypnSrvvllJaWV1bXyuuVjc2t7Z3q7l5bJUYS2iIJT2Q3xIpyJmhLM81pN5UUxyGnnXB8nfudRyoVS8SDnqQ0iPFQsIgRrK3k+zHWozDMbqf9m3615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2TundeP7s/rTWuijrKcACHcAweXEAD7qAJLSCQwhO8wKtjnGfnzXmfj5acYmcffsH5+Ab2VJGm</latexit>ED

“Deadly triad”

Baird. 1995. Residual algorithms: Reinforcement learning with function approximation.
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The training perspective

• Baird’95: design L s.t.  
• RL doesn’t work like that!

<latexit sha1_base64="SMl3c97dLyu6AKmd2u3KTR2S6Fo="></latexit>

Q? = argminf2F L(f)?

<latexit sha1_base64="eAfKJKara0Web9PPxvtf1OMNgrA="></latexit>

fk  argminf✓ EdD [(f✓(s, a)� r � �maxa0fk�1(s0, a0))2]

Training:  where
<latexit sha1_base64="Kc/X/TEkqE746dTHhWQd5ZVAFZM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUSKuhGKblxWsA9oQphMJu3QyYOZG6GErtz4K25cKOLWb3Dn3zhNs9DWAxcO59w7c+/xU8EVWNa3sbS8srq2Xtmobm5t7+yae/sdlWSSsjZNRCJ7PlFM8Ji1gYNgvVQyEvmCdf3RzdTvPjCpeBLfwzhlbkQGMQ85JaAlzzzCuVO8kksWTLAzJIBDPMFXOPRG2DNrVt0qgBeJXZIaKtHyzC8nSGgWsRioIEr1bSsFNycSOBVsUnUyxVJCR2TA+prGJGLKzYsFJvhEKwEOE6krBlyovydyEik1jnzdGREYqnlvKv7n9TMIL92cx2kGLKazj8JMYEjwNBMccMkoiLEmhEqud8V0SCShoJOr6hDs+ZMXSeesbp/XG3eNWvO6jKOCDtExOkU2ukBNdItaqI0oekTP6BW9GU/Gi/FufMxal4xy5gD9gfH5A2Jnl8g=</latexit>

f̂ = fk
(FQI: learn Q*)

<latexit sha1_base64="LCVCyxYX1aiyicCsnMBJG4FThXk=">AAACBHicbVDLSsNAFJ34rPUVddnNYBHcWBIp6rLoxmWFvqANYTKdtEMnmWFmIpaQhRt/xY0LRdz6Ee78GydtFtp64MLhnHu5955AMKq043xbK6tr6xubpa3y9s7u3r59cNhRPJGYtDFnXPYCpAijMWlrqhnpCUlQFDDSDSY3ud+9J1JRHrf0VBAvQqOYhhQjbSTfrgyQEJI/wEGE9BgjlrYyGPrp5MzNfLvq1JwZ4DJxC1IFBZq+/TUYcpxEJNaYIaX6riO0lyKpKWYkKw8SRQTCEzQifUNjFBHlpbMnMnhilCEMuTQVazhTf0+kKFJqGgWmMz9VLXq5+J/XT3R45aU0FokmMZ4vChMGNYd5InBIJcGaTQ1BWFJzK8RjJBHWJreyCcFdfHmZdM5r7kWtflevNq6LOEqgAo7BKXDBJWiAW9AEbYDBI3gGr+DNerJerHfrY966YhUzR+APrM8ffkeYAA==</latexit>

⇡ T fk�1
<latexit sha1_base64="d7NF+FMwh+qBi/VsZeCgUc6rWbk=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTia1l8gMsK9gFNKJPppB06mYR5CCX0N9y4UMStP+POv3HSZqHVAwOHc+7lnjlhypnSrvvllJaWV1bXyuuVjc2t7Z3q7l5bJUYS2iIJT2Q3xIpyJmhLM81pN5UUxyGnnXB8nfudRyoVS8SDnqQ0iPFQsIgRrK3k+zHWozDMbqf9m3615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2TundeP7s/rTWuijrKcACHcAweXEAD7qAJLSCQwhO8wKtjnGfnzXmfj5acYmcffsH5+Ab2VJGm</latexit>ED

2.1 Counter-example for least-square regression [Tsitsiklis and van Roy, 1996]

An MDP with two states x1, x2, 1-d features for the two states: fx1 = 1, fx2 = 2. Linear Function approximation
with Ṽ✓(x) = ✓fx.

✓k := argmin
✓

1

2
(✓ � target1)

2 + (2✓ � target2)
2

= argmin
✓

1

2
(✓ � �✓k�1fx2)

2 + (2✓ � �✓k�1fx2)
2

= argmin
✓

1

2
(✓ � �2✓k�1)2 + (2✓ � �2✓k�1)2

(✓ � �2✓k�1) + 2(2✓ � �2✓k�1) = 0 ) 5✓ = 6�✓k�1

✓k =
6

5
�✓k�1

This diverges if � � 5/6.

2.2 Convergence of non-expansive approximations

Operator view of Fitted value-iteration. A more general way to interpret fitted value iteration is that you have an

operator MA that takes a value vector vi and projects it into the function space formed by functions of form Ṽ✓.

1. Start with an arbitrary initialization V 0, Ṽ✓0 := MA(V 0).

2. Repeat for k = 1, 2, 3, . . .:

• Ṽ✓i = MA � LṼ✓i�1 .

Now, to match the description earlier, consider operator MA defined as follows: Fit a Ṽ✓ to LṼ✓i�1 by comparing
its values on a subset S0 of states, using a regression technique. And, then return this Ṽ✓ as new function Ṽ✓i in
the output space of MA. Thus, MA is e↵ectively an approximation operator.

Equivalently,

1. Start with an arbitrary initialization v0.

2. Repeat for k = 1, 2, 3, . . .:

• vi = (L �MA)vi�1.

(In an e�cient implementation, ui�1 = MAvi�1 probably has a more compact representation, so the first view may
be better for implementation)

The above view allows us to view fitted value iteration as just value iteration with a di↵erent operator: vi =
Lvi�1 is replaced by Ṽ i = (MA � L)Ṽ i�1. Therefore, as long as the new operator (MA � L) is also �-contraction,

3

Divergence under 1-d linear 
[TvR’96]

<latexit sha1_base64="SMl3c97dLyu6AKmd2u3KTR2S6Fo="></latexit>

Q? = argminf2F L(f)

“Bellman-completeness” 
<latexit sha1_base64="dLGLJMCdWSBQrhZpyGVO0QDVAxA=">AAACHnicbVDLSgMxFM34rPVVdekmWAQXUmakPpZFQVxW6As6Q7mTZtrQTGZIMkIZ+iVu/BU3LhQRXOnfmGmL1NYDgcM595Jzjx9zprRtf1tLyyura+u5jfzm1vbObmFvv6GiRBJaJxGPZMsHRTkTtK6Z5rQVSwqhz2nTH9xkfvOBSsUiUdPDmHoh9AQLGAFtpE7h3A1B9wnwtDYKsMsE/hVuR6fYDSIJnOPAODNGp1C0S/YYeJE4U1JEU1Q7hU+3G5EkpEITDkq1HTvWXgpSM8LpKO8misZABtCjbUMFhFR56fi8ET42ShebJOYJjcfq7EYKoVLD0DeTWUQ172Xif1470cGVlzIRJ5oKMvkoSDjWEc66wl0mKdF8aAgQyUxWTPoggWjTaN6U4MyfvEgaZyXnolS+Lxcr19M6cugQHaET5KBLVEF3qIrqiKBH9Ixe0Zv1ZL1Y79bHZHTJmu4coD+wvn4Ayi6i6g==</latexit>

T f 2 F , 8f 2 F

Function 
space F

Function 
in F

Bellman 
operator 

<latexit sha1_base64="LCVCyxYX1aiyicCsnMBJG4FThXk=">AAACBHicbVDLSsNAFJ34rPUVddnNYBHcWBIp6rLoxmWFvqANYTKdtEMnmWFmIpaQhRt/xY0LRdz6Ee78GydtFtp64MLhnHu5955AMKq043xbK6tr6xubpa3y9s7u3r59cNhRPJGYtDFnXPYCpAijMWlrqhnpCUlQFDDSDSY3ud+9J1JRHrf0VBAvQqOYhhQjbSTfrgyQEJI/wEGE9BgjlrYyGPrp5MzNfLvq1JwZ4DJxC1IFBZq+/TUYcpxEJNaYIaX6riO0lyKpKWYkKw8SRQTCEzQifUNjFBHlpbMnMnhilCEMuTQVazhTf0+kKFJqGgWmMz9VLXq5+J/XT3R45aU0FokmMZ4vChMGNYd5InBIJcGaTQ1BWFJzK8RjJBHWJreyCcFdfHmZdM5r7kWtflevNq6LOEqgAo7BKXDBJWiAW9AEbYDBI3gGr+DNerJerHfrY966YhUzR+APrM8ffkeYAA==</latexit>

⇡ T fk�1

✓X

<latexit sha1_base64="SMl3c97dLyu6AKmd2u3KTR2S6Fo="></latexit>

Q? = argminf2F L(f)

realizability (of Q*)
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The training perspective

• Baird’95: design L s.t.  
•  , so how about 

• Naive “1-sample” estimator is biased 
• debasing requires simulator (“double sampling” [Baird’95]) 
• or, helper class  [ASM’08, FS’10]

<latexit sha1_base64="SMl3c97dLyu6AKmd2u3KTR2S6Fo="></latexit>

Q? = argminf2F L(f)
<latexit sha1_base64="c1cyAXGdubG6AF+grJIlVe0pX8M=">AAACFnicbVC7SgNBFJ2Nrxhfq5Y2g0GwMexKUBshaGNhkUBekF3D7GQ2GTL7YOauEpZ8hY2/YmOhiK3Y+TfOJik08cDAmXPu5d57vFhwBZb1beSWlldW1/LrhY3Nre0dc3evqaJEUtagkYhk2yOKCR6yBnAQrB1LRgJPsJY3vM781j2TikdhHUYxcwPSD7nPKQEtdc0TH1/i2p2jgEjs3DIfJO8P9EdGDzjznIDAgBKR1sfY75pFq2RNgBeJPSNFNEO1a345vYgmAQuBCqJUx7ZicFMigVPBxgUnUSwmdEj6rKNpSAKm3HRy1hgfaaWH/UjqFwKeqL87UhIoNQo8XZktqea9TPzP6yTgX7gpD+MEWEing/xEYIhwlhHucckoiJEmhEqud8V0QCShoJMs6BDs+ZMXSfO0ZJ+VyrVysXI1iyOPDtAhOkY2OkcVdIOqqIEoekTP6BW9GU/Gi/FufExLc8asZx/9gfH5A6synnk=</latexit>

f = Q? , f = T f
<latexit sha1_base64="Qc8LuWZzow1oMGy/xEdbRJmMdoU=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WoiCUpRd0IxQe4cFGhL2jTMplO2qGTSZiZCCXkI9z4K25cKOLWhTv/xknbhVYPXDiccy/33uOGjEplWV9GZmFxaXklu5pbW9/Y3DK3dxoyiAQmdRywQLRcJAmjnNQVVYy0QkGQ7zLSdEeXqd+8J0LSgNfUOCSOjwacehQjpaWeeXQLz2HHR2rouvF10ov73aukXfDg8VTFiMW1BHqH3ZLTM/NW0ZoA/iX2jOTBDNWe+dnpBzjyCVeYISnbthUqJ0ZCUcxIkutEkoQIj9CAtDXlyCfSiSdPJfBAK33oBUIXV3Ci/pyIkS/l2Hd1Z3qonPdS8T+vHSnvzIkpDyNFOJ4u8iIGVQDThGCfCoIVG2uCsKD6VoiHSCCsdI45HYI9//Jf0igV7ZNi+a6cr1zM4siCPbAPCsAGp6ACbkAV1AEGD+AJvIBX49F4Nt6M92lrxpjN7IJfMD6+ASLQnQM=</latexit>

L = EdD [(f � T f)2]

<latexit sha1_base64="7jvmdUaGvD323s3MFQe8O4JeKCk=">AAACBnicbVDLSgMxFL1TX7W+Rl2KECyiqzIjRV0WBXFZoS/oDCWTZtrQTGZIMkIZunLjr7hxoYhbv8Gdf2P6QLT1QODknHu5954g4Uxpx/myckvLK6tr+fXCxubW9o69u9dQcSoJrZOYx7IVYEU5E7Sumea0lUiKo4DTZjC4HvvNeyoVi0VNDxPqR7gnWMgI1kbq2IdehHWfYJ7dnIyQJ9jPvzZCYccuOiVnArRI3BkpwgzVjv3pdWOSRlRowrFSbddJtJ9hqRnhdFTwUkUTTAa4R9uGChxR5WeTM0bo2ChdFMbSPKHRRP3dkeFIqWEUmMrxkmreG4v/ee1Uh5d+xkSSairIdFCYcqRjNM4EdZmkRPOhIZhIZnZFpI8lJtokVzAhuPMnL5LGWck9L5XvysXK1SyOPBzAEZyCCxdQgVuoQh0IPMATvMCr9Wg9W2/W+7Q0Z8169uEPrI9v8QWYzA==</latexit>

F 0 3 T f

<latexit sha1_base64="5lDHm6UBxnpDpzB/NBKiuXrb8pg="></latexit>

= EdD [(f(s, a)� E[r + �max
a0

f(s0, a0)|s, a])2]
<latexit sha1_base64="N7LM8qO7/dCGmjZMFZj0QLYQpmU=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWRoi4LbrqsYGuhCWUyvWmHTiZhZiKUUPBX3LhQxK3f4c6/cZJmoa0HBg7n3NecIOFMacf5tipr6xubW9Xt2s7u3v6BfXjUU3EqKXRpzGPZD4gCzgR0NdMc+okEEgUcHoLpbe4/PIJULBb3epaAH5GxYCGjRBtpaJ94xYxMwmjuRURPgtATMLTrTsMpgFeJW5I6KtEZ2l/eKKZpBEJTTpQauE6i/YxIzSiHec1LFSSETskYBoYKEoHys2L1HJ8bZYTDWJonNC7U3x0ZiZSaRYGpzC9Uy14u/ucNUh3e+BkTSapB0MWiMOVYxzjPAo+YBKr5zBBCJTO3YjohklBtEquZENzlL6+S3mXDvWo075r1VruMo4pO0Rm6QC66Ri3URh3URRRl6Bm9ojfryXqx3q2PRWnFKnuO0R9Ynz8MdZY3</latexit>

6=
<latexit sha1_base64="5lDHm6UBxnpDpzB/NBKiuXrb8pg="></latexit>

= EdD [(f(s, a)� E[r + �max
a0

f(s0, a0)|s, a])2]
<latexit sha1_base64="5lDHm6UBxnpDpzB/NBKiuXrb8pg="></latexit>

= EdD [(f(s, a)� E[r + �max
a0

f(s0, a0)|s, a])2]
<latexit sha1_base64="5lDHm6UBxnpDpzB/NBKiuXrb8pg="></latexit>

= EdD [(f(s, a)� E[r + �max
a0

f(s0, a0)|s, a])2]

* over-estimate by a Bayes-error-like term:  

<latexit sha1_base64="tWOnkz4faxpcSRXLs9pwc+NC3jY="></latexit>

EdD

h
(f(s, a)� r � �maxa0 f(s0, a0))2

i

=EdD

h
(f � T f)2

i
+ EdD

⇥
Vs0|s,a[r + �maxa0 f(s0, a0)]

⇤

?

<latexit sha1_base64="d7NF+FMwh+qBi/VsZeCgUc6rWbk=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTia1l8gMsK9gFNKJPppB06mYR5CCX0N9y4UMStP+POv3HSZqHVAwOHc+7lnjlhypnSrvvllJaWV1bXyuuVjc2t7Z3q7l5bJUYS2iIJT2Q3xIpyJmhLM81pN5UUxyGnnXB8nfudRyoVS8SDnqQ0iPFQsIgRrK3k+zHWozDMbqf9m3615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2TundeP7s/rTWuijrKcACHcAweXEAD7qAJLSCQwhO8wKtjnGfnzXmfj5acYmcffsH5+Ab2VJGm</latexit>ED

<latexit sha1_base64="d7NF+FMwh+qBi/VsZeCgUc6rWbk=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTia1l8gMsK9gFNKJPppB06mYR5CCX0N9y4UMStP+POv3HSZqHVAwOHc+7lnjlhypnSrvvllJaWV1bXyuuVjc2t7Z3q7l5bJUYS2iIJT2Q3xIpyJmhLM81pN5UUxyGnnXB8nfudRyoVS8SDnqQ0iPFQsIgRrK3k+zHWozDMbqf9m3615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2TundeP7s/rTWuijrKcACHcAweXEAD7qAJLSCQwhO8wKtjnGfnzXmfj5acYmcffsH5+Ab2VJGm</latexit>ED

<latexit sha1_base64="d7NF+FMwh+qBi/VsZeCgUc6rWbk=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTia1l8gMsK9gFNKJPppB06mYR5CCX0N9y4UMStP+POv3HSZqHVAwOHc+7lnjlhypnSrvvllJaWV1bXyuuVjc2t7Z3q7l5bJUYS2iIJT2Q3xIpyJmhLM81pN5UUxyGnnXB8nfudRyoVS8SDnqQ0iPFQsIgRrK3k+zHWozDMbqf9m3615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2TundeP7s/rTWuijrKcACHcAweXEAD7qAJLSCQwhO8wKtjnGfnzXmfj5acYmcffsH5+Ab2VJGm</latexit>ED
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Training:  where
<latexit sha1_base64="Kc/X/TEkqE746dTHhWQd5ZVAFZM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUSKuhGKblxWsA9oQphMJu3QyYOZG6GErtz4K25cKOLWb3Dn3zhNs9DWAxcO59w7c+/xU8EVWNa3sbS8srq2Xtmobm5t7+yae/sdlWSSsjZNRCJ7PlFM8Ji1gYNgvVQyEvmCdf3RzdTvPjCpeBLfwzhlbkQGMQ85JaAlzzzCuVO8kksWTLAzJIBDPMFXOPRG2DNrVt0qgBeJXZIaKtHyzC8nSGgWsRioIEr1bSsFNycSOBVsUnUyxVJCR2TA+prGJGLKzYsFJvhEKwEOE6krBlyovydyEik1jnzdGREYqnlvKv7n9TMIL92cx2kGLKazj8JMYEjwNBMccMkoiLEmhEqud8V0SCShoJOr6hDs+ZMXSeesbp/XG3eNWvO6jKOCDtExOkU2ukBNdItaqI0oekTP6BW9GU/Gi/FufMxal4xy5gD9gfH5A2Jnl8g=</latexit>

f̂ = fk
<latexit sha1_base64="eAfKJKara0Web9PPxvtf1OMNgrA="></latexit>

fk  argminf✓ EdD [(f✓(s, a)� r � �maxa0fk�1(s0, a0))2]
<latexit sha1_base64="h/AG44ZOYIFQlRdmTF737DFYgsQ="></latexit>

fk  argminf✓2F(FQI: learn Q*)

iterative

2.1 Counter-example for least-square regression [Tsitsiklis and van Roy, 1996]

An MDP with two states x1, x2, 1-d features for the two states: fx1 = 1, fx2 = 2. Linear Function approximation
with Ṽ✓(x) = ✓fx.

✓k := argmin
✓

1

2
(✓ � target1)

2 + (2✓ � target2)
2

= argmin
✓

1

2
(✓ � �✓k�1fx2)

2 + (2✓ � �✓k�1fx2)
2

= argmin
✓

1

2
(✓ � �2✓k�1)2 + (2✓ � �2✓k�1)2

(✓ � �2✓k�1) + 2(2✓ � �2✓k�1) = 0 ) 5✓ = 6�✓k�1

✓k =
6

5
�✓k�1

This diverges if � � 5/6.

2.2 Convergence of non-expansive approximations

Operator view of Fitted value-iteration. A more general way to interpret fitted value iteration is that you have an

operator MA that takes a value vector vi and projects it into the function space formed by functions of form Ṽ✓.

1. Start with an arbitrary initialization V 0, Ṽ✓0 := MA(V 0).

2. Repeat for k = 1, 2, 3, . . .:

• Ṽ✓i = MA � LṼ✓i�1 .

Now, to match the description earlier, consider operator MA defined as follows: Fit a Ṽ✓ to LṼ✓i�1 by comparing
its values on a subset S0 of states, using a regression technique. And, then return this Ṽ✓ as new function Ṽ✓i in
the output space of MA. Thus, MA is e↵ectively an approximation operator.

Equivalently,

1. Start with an arbitrary initialization v0.

2. Repeat for k = 1, 2, 3, . . .:

• vi = (L �MA)vi�1.

(In an e�cient implementation, ui�1 = MAvi�1 probably has a more compact representation, so the first view may
be better for implementation)

The above view allows us to view fitted value iteration as just value iteration with a di↵erent operator: vi =
Lvi�1 is replaced by Ṽ i = (MA � L)Ṽ i�1. Therefore, as long as the new operator (MA � L) is also �-contraction,

3

Divergence under 1-d linear   
[TvR’96]

<latexit sha1_base64="h/AG44ZOYIFQlRdmTF737DFYgsQ="></latexit>

fk  argminf✓2F

<latexit sha1_base64="d7NF+FMwh+qBi/VsZeCgUc6rWbk=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTia1l8gMsK9gFNKJPppB06mYR5CCX0N9y4UMStP+POv3HSZqHVAwOHc+7lnjlhypnSrvvllJaWV1bXyuuVjc2t7Z3q7l5bJUYS2iIJT2Q3xIpyJmhLM81pN5UUxyGnnXB8nfudRyoVS8SDnqQ0iPFQsIgRrK3k+zHWozDMbqf9m3615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2TundeP7s/rTWuijrKcACHcAweXEAD7qAJLSCQwhO8wKtjnGfnzXmfj5acYmcffsH5+Ab2VJGm</latexit>ED

X

<latexit sha1_base64="SMl3c97dLyu6AKmd2u3KTR2S6Fo="></latexit>

Q? = argminf2F L(f)

realizability (of Q*)

Gordan. 1995. Stable Function Approximation in Dynamic Programming.

To select b/t f1,  f2
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Training:  where
<latexit sha1_base64="Kc/X/TEkqE746dTHhWQd5ZVAFZM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUSKuhGKblxWsA9oQphMJu3QyYOZG6GErtz4K25cKOLWb3Dn3zhNs9DWAxcO59w7c+/xU8EVWNa3sbS8srq2Xtmobm5t7+yae/sdlWSSsjZNRCJ7PlFM8Ji1gYNgvVQyEvmCdf3RzdTvPjCpeBLfwzhlbkQGMQ85JaAlzzzCuVO8kksWTLAzJIBDPMFXOPRG2DNrVt0qgBeJXZIaKtHyzC8nSGgWsRioIEr1bSsFNycSOBVsUnUyxVJCR2TA+prGJGLKzYsFJvhEKwEOE6krBlyovydyEik1jnzdGREYqnlvKv7n9TMIL92cx2kGLKazj8JMYEjwNBMccMkoiLEmhEqud8V0SCShoJOr6hDs+ZMXSeesbp/XG3eNWvO6jKOCDtExOkU2ukBNdItaqI0oekTP6BW9GU/Gi/FufMxal4xy5gD9gfH5A2Jnl8g=</latexit>

f̂ = fk
<latexit sha1_base64="eAfKJKara0Web9PPxvtf1OMNgrA="></latexit>

fk  argminf✓ EdD [(f✓(s, a)� r � �maxa0fk�1(s0, a0))2]
<latexit sha1_base64="h/AG44ZOYIFQlRdmTF737DFYgsQ="></latexit>

fk  argminf✓2F(FQI: learn Q*)

iterative

Convergence under piecewise 
constant  ! [Gordon’95]

<latexit sha1_base64="h/AG44ZOYIFQlRdmTF737DFYgsQ="></latexit>

fk  argminf✓2F

To select b/t f1,  f2, suffices to have class G s.t.
• piecewise constant
• can express Q*
• small # partitions (bounded complexity)
Then: minimize 

<latexit sha1_base64="5Z6P7MXFlZRVwIXDtca6ZKt7yqI="></latexit>

kf � ProjG(T f)k2,D

Our method: create such a 
magical G “out of nothing”!

same

<latexit sha1_base64="d7NF+FMwh+qBi/VsZeCgUc6rWbk=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTia1l8gMsK9gFNKJPppB06mYR5CCX0N9y4UMStP+POv3HSZqHVAwOHc+7lnjlhypnSrvvllJaWV1bXyuuVjc2t7Z3q7l5bJUYS2iIJT2Q3xIpyJmhLM81pN5UUxyGnnXB8nfudRyoVS8SDnqQ0iPFQsIgRrK3k+zHWozDMbqf9m3615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2TundeP7s/rTWuijrKcACHcAweXEAD7qAJLSCQwhO8wKtjnGfnzXmfj5acYmcffsH5+Ab2VJGm</latexit>ED

<latexit sha1_base64="SMl3c97dLyu6AKmd2u3KTR2S6Fo="></latexit>

Q? = argminf2F L(f)

✓
realizability (of Q*)

Gordan. 1995. Stable Function Approximation in Dynamic Programming.



To select b/t f1,  f2, suffices to have class G s.t. 
• piecewise constant 
• can express Q* 
• small # partitions (bounded complexity) 
Then: minimize 

<latexit sha1_base64="5Z6P7MXFlZRVwIXDtca6ZKt7yqI="></latexit>

kf � ProjG(T f)k2,D

Does a magical G always exist? 

17

• YES! Just partition SxA according to output of Q*

Q*

same “piece” S×A

value

✓
✓

✓O(1/ε)



     

18

Batch Value-Function Tournament [XJ, ICML-21]

• (Simplified) problem: identify Q* out of F = { f1,  f2 } 
• Partition SxA according to both functions simultaneously!  

• Pw-const class G1,2 w/ size O(1/ε2) !! 
• Naive extension to >2 functions in F: O(1/ε|F|) 

• Pairwise comparison + tournament

• Algorithm: BVFT
 

• Sample complexity poly in 
horizon, 1/ε, log(#candidates), 
and C (data coverage) 

• Computation: #data points * |F|2

<latexit sha1_base64="CePDon5Gvs9a2sLuoYtqyrFSsrA="></latexit>

argmin
i

max
j

kfi � ProjGi,j
(T fi)k2,D

S×A

f1

 f2

same “piece”

Xie & Jiang. ICML-21. Batch Value-function Approximation with Only Realizability.

value

 

Formal 
guarantee in 
backup slide
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<latexit sha1_base64="Fci62M6Lxt8OSp4gJI6zsZdUU+w="></latexit>

fk  argminf✓ EdD [(f✓(s, a)� r � �fk�1(s0,⇡))2]

Neural architecture 
designed by “cheating”

<latexit sha1_base64="d7NF+FMwh+qBi/VsZeCgUc6rWbk=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTia1l8gMsK9gFNKJPppB06mYR5CCX0N9y4UMStP+POv3HSZqHVAwOHc+7lnjlhypnSrvvllJaWV1bXyuuVjc2t7Z3q7l5bJUYS2iIJT2Q3xIpyJmhLM81pN5UUxyGnnXB8nfudRyoVS8SDnqQ0iPFQsIgRrK3k+zHWozDMbqf9m3615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2TundeP7s/rTWuijrKcACHcAweXEAD7qAJLSCQwhO8wKtjnGfnzXmfj5acYmcffsH5+Ab2VJGm</latexit>ED

Zhang & Jiang. NeurIPS-21. Towards Hyperparameter-free Policy Selection for Offline Reinforcement Learning.



20

<latexit sha1_base64="Fci62M6Lxt8OSp4gJI6zsZdUU+w="></latexit>

fk  argminf✓ EdD [(f✓(s, a)� r � �fk�1(s0,⇡))2](FQE: learn Qπ)

<latexit sha1_base64="jC82kAYw8InsRzVX9QX24DED2cA=">AAACK3icbVDLSgMxFM34rPVVdekmWARXw4yIuhFENy4r2Ad0Sslk7rTBzIPkjlqG8Xvc+CsudOEDt/6H6WOh1QOBwznn5ibHT6XQ6Djv1szs3PzCYmmpvLyyurZe2dhs6CRTHOo8kYlq+UyDFDHUUaCEVqqARb6Epn99PvSbN6C0SOIrHKTQiVgvFqHgDI3UrZzR3BvdkisICuqlghb0hHoId6iivKcAggG9tZWN9n0xFe4zpGHRrVQd2xmB/iXuhFTJBLVu5dkLEp5FECOXTOu266TYyZlCwSUUZS/TkDJ+zXrQNjRmEehOPlpc0F2jBDRMlDkx0pH6cyJnkdaDyDfJiGFfT3tD8T+vnWF43MlFnGYIMR8vCjNJMaHD4mggFHCUA0MYV8K8lfI+U4yjqbdsSnCnv/yXNPZt99A+uDyonp5N6iiRbbJD9ohLjsgpuSA1UiecPJAn8krerEfrxfqwPsfRGWsys0V+wfr6BrvMqAI=</latexit>

⇡ = greedy w.r.t. f̂

Validation: 

(FQI: learn Q*)
<latexit sha1_base64="eAfKJKara0Web9PPxvtf1OMNgrA="></latexit>

fk  argminf✓ EdD [(f✓(s, a)� r � �maxa0fk�1(s0, a0))2]

Training:  where
<latexit sha1_base64="Kc/X/TEkqE746dTHhWQd5ZVAFZM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUSKuhGKblxWsA9oQphMJu3QyYOZG6GErtz4K25cKOLWb3Dn3zhNs9DWAxcO59w7c+/xU8EVWNa3sbS8srq2Xtmobm5t7+yae/sdlWSSsjZNRCJ7PlFM8Ji1gYNgvVQyEvmCdf3RzdTvPjCpeBLfwzhlbkQGMQ85JaAlzzzCuVO8kksWTLAzJIBDPMFXOPRG2DNrVt0qgBeJXZIaKtHyzC8nSGgWsRioIEr1bSsFNycSOBVsUnUyxVJCR2TA+prGJGLKzYsFJvhEKwEOE6krBlyovydyEik1jnzdGREYqnlvKv7n9TMIL92cx2kGLKazj8JMYEjwNBMccMkoiLEmhEqud8V0SCShoJOr6hDs+ZMXSeesbp/XG3eNWvO6jKOCDtExOkU2ukBNdItaqI0oekTP6BW9GU/Gi/FufMxal4xy5gD9gfH5A2Jnl8g=</latexit>

f̂ = fk
<latexit sha1_base64="d7NF+FMwh+qBi/VsZeCgUc6rWbk=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTia1l8gMsK9gFNKJPppB06mYR5CCX0N9y4UMStP+POv3HSZqHVAwOHc+7lnjlhypnSrvvllJaWV1bXyuuVjc2t7Z3q7l5bJUYS2iIJT2Q3xIpyJmhLM81pN5UUxyGnnXB8nfudRyoVS8SDnqQ0iPFQsIgRrK3k+zHWozDMbqf9m3615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2TundeP7s/rTWuijrKcACHcAweXEAD7qAJLSCQwhO8wKtjnGfnzXmfj5acYmcffsH5+Ab2VJGm</latexit>ED

<latexit sha1_base64="d7NF+FMwh+qBi/VsZeCgUc6rWbk=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTia1l8gMsK9gFNKJPppB06mYR5CCX0N9y4UMStP+POv3HSZqHVAwOHc+7lnjlhypnSrvvllJaWV1bXyuuVjc2t7Z3q7l5bJUYS2iIJT2Q3xIpyJmhLM81pN5UUxyGnnXB8nfudRyoVS8SDnqQ0iPFQsIgRrK3k+zHWozDMbqf9m3615tbdGdBf4hWkBgWa/eqnP0iIianQhGOlep6b6iDDUjPC6bTiG0VTTMZ4SHuWChxTFWSzzFN0ZJUBihJpn9Bopv7cyHCs1CQO7WSeUS16ufif1zM6ugwyJlKjqSDzQ5HhSCcoLwANmKRE84klmEhmsyIywhITbWuq2BK8xS//Je2TundeP7s/rTWuijrKcACHcAweXEAD7qAJLSCQwhO8wKtjnGfnzXmfj5acYmcffsH5+Ab2VJGm</latexit>ED

• BVFT: H-P free solution for value-function selection 
• Many open problems in validation 

• Data coverage issues (see lower bound [FKSX’22]) 
• Combine with different OPE methods 

e.g., marginalized importance sampling  
        [LLTZ’18, NCDL’19, UHJ’20, JH’20, VJY’21, HJ’22] 

• Practical toolkit (cf. for OPE [VLJY’20])
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